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LAB-STICC, UMR 6285 / ENSTA-Bretagne

July 11, 2017

1 / 18



Problem: Robust Structured Synthesis Structured Singular Value Guaranteed Analysis problem based on worst case Synthesis problem: min-max formulation Application to AUV control Conclusion

Introduction

LTI system: G
Regulation scheme:

w G(δ) z

K

u y

Uncertain parameters δ, G→ G(δ).

Robust Synthesis Problem

Find K structured,

{
||Tw→z(δ)||∞ ≤ 1, ∀δ ∈ δ
K stabilizes the closed loop, ∀δ ∈ δ
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µ-analysis/ structured singular value

Problem modelization for µ synthesis/analysis:
G(δ)→ Fu(G̃,∆), ||∆||∞ ≤ 1.

w G̃ z

K

∆

u y

Theorem

sup
ω>0

µ∆(Fl(G̃,K)) ≤ 1 ⇐⇒
{
||Tw→z||∞ ≤ 1
Internal stability

sup
ω>0

µ∆(Fl(G̃,K)) ≈ max
ωi,i=1...N

µ∆(Fl(G̃(jωi),K(jωi))

Discretization =⇒ not guaranteed!
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Dealing with uncertainties

µ analysis:

w G̃ z

K

∆

u y

Global approach:

w G(δ) z

K

u y

⇓
Tw→z(δ)
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Worst case reformulation for CSP.

Problem

Does the controller K stabilizes the closed loop and ensure the
H∞ performances?

{
||Tw→z(δ)||∞ ≤ 1, ∀δ ∈ δ
Tw→z(δ) stable, ∀δ ∈ δ

or{
||Tw→z(δ)||∞ ≤ 1, ∀δ ∈ δ
R(δ) ≤ 0, ∀δ ∈ δ (Routh, polynomial inequalities)

=⇒ Interval Analysis
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Interval Analysis

Definition: Interval

An interval x = [x, x] is a close connected of R, IR is the set of
intervals.

Common operators (+,−,×, /, sin, cos,max, ...) can be
extended to IR

[1, 2] + [−1, 2] = [0, 4]

[1, 2]− [−1, 2] = [−1, 3]

[1, 2]× [−1, 2] = [−2, 4]

Definition: Inclusion function

Let be f : Rn 7→ Rm, [f ] : IRn 7→ IRm is an inclusion function of
f iff ∀x ∈ IRn, f(x) = {f(x), x ∈ x} ⊆ [f ](x)
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Worst-case over frequency and uncertainty

Example: SISO case (dim(w) = dim(z) = 1).

||Tw→z(δ)||∞ = sup
ω∈Ω
|Tw→z(δ, jω)|

||Tw→z(δ)||∞ ≤ 1, ∀δ ∈ δ ⇐⇒ sup
δ∈δ, ω∈Ω

|Tw→z(δ, jω)| ≤ 1

|Tw→z(δ, jω)| is a rational expression depending on δ and ω
→ [T ] inclusion function of |Tw→z(δ, jω)|
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Example: 2 uncertain parameters
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Example: 2 uncertain parameters
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Example: 2 uncertain parameters
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Example: 2 uncertain parameters
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Example: 2 uncertain parameters
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Robust Performance:

sup
δ∈δ
||Tw→z(δ)||∞ ⊆ [lb, ub]

→ converges to the global optimum.

ub ≤ 1 =⇒ robust performance, i.e., performance ∀δ ∈ δ.

lb > 1 =⇒ not robust.

1 ∈ [ub, lb] =⇒ ?

Robust Stability:

[R](δ) ≤ 0 =⇒ robust stability, i.e., stability ∀δ ∈ δ.

[R](δ) > 0 =⇒ instability.

0 ∈ [R](δ) =⇒ ?
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Structured controller: K → K(k),
K(k) = kp + ki

s + kds, k = (kp, ki, kd)
T

w G(δ) z

K(k)

u y

Problem: worst case minimization{
min
k

sup
δ∈δ
||Tw→z(k, δ)||∞

subject to Tw→z(k, δ) stable.

Global optimization: compute a guaranteed enclosure
[Lb, Ub] of the global minimum of over a box k.
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Analysis over a set of controller

Consider a set of controller K(k).
Robust Stability over k:

[R](k, δ) ≤ 0 =⇒ robust stability ∀k ∈ k.

[R](k, δ) > 0 =⇒ instable ∀k ∈ k.

0 ∈ [R](k, δ) = 0 =⇒ ?.

Enclosure of objective function over k:{
sup
δ∈δ
||Tw→z(k, δ)||∞, k ∈ k

}
⊆ [lbk, ubk]
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Branch and Bound Algorithm

sup
δ∈δ
||Tw→z(., δ)||∞

k

k

k × [lbk, ubk]

k1 k2k11 k12 k21 k22k111 k112 k121 k122 k211 k212 k221 k222k111 k112 k121 k122 k211 k212 k221 k222

Ub

Lb
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AUV control

AUV model: G = 1
δ1s2+δ2s

, δ1 ∈ [0.3, 0.69], δ2 ∈ [1.26, 2.34].

Controller: K = kp + ki + kds
1+s , searched in

k = [−5, 5]× [−5, 5]× [−5, 5].

r K G
y+

−
e u

We Wuẽ ũ

Objectives:

||Tr→ẽ(k, δ)||∞ ≤ 1, with We(s) = 0.5 s+0.92
s+0.0046 .

||Tr→ũ(k, δ)||∞ ≤ 1, with Wu(s) = 0.01.

Internal stability.
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Synthesis result

Problem: min-max formulation

min
k∈k

[
sup
δ

(
max (||Tr→ẽ(k, δ)||∞, ||Tr→ũ(k, δ)||∞)

)]
s.t. K robustly stabilizes the closed loop.

Results:

Enclosure of the global minimum: [0.66, 0.74]

Best controller found: K(k̃) = 1.471 + 0.103
s + 1.471s

1+s ,

sup
δ

(
max (||Tr→ẽ(k, δ)||∞, ||Tr→ũ(k, δ)||∞)

)
≤ 0.74.

CPU time: 10 mn.
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Conclusion

Guaranteed alternative to µ-Analysis.

Works for SISO and MIMO systems.

Converges to the global minimum, i.e. the best robust
controller.

Interval Analysis =⇒ No conservatism.
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Annex: MIMO case

How to compute ||Tw→z||∞, with dim(w) > 1 and dim(z) > 1?
Consider performance outputs separately:

Tw→zj = (Tw1→zj , ..., Twn→zj )

||Tw→zj ||∞ = sup
ω

√
λmax(Tw→zj (jω)Tw→zj (jω)∗)

= sup
ω

√∑n
i=1 |Twi→zj (jω)|2

Use max
j

(||Tw→zj ||∞) instead of ||Tw→z||∞ as objective.

max
j

(||Tw→zj ||∞) ≤ ||Tw→z||∞
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